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A new methodology for constructing a fuzzy subset of a universal set U from a family of
subsets of U based on a pre-determined range S that is a subset of (0, 1] is proposed in this
paper. The uniqueness of this construction method is also investigated, which depends on
the structure of subset S. Whether the supremum of S lies in S is an important issue. This
concern will be thoroughly studied in this paper.
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1. Introduction
LetM = {Mα : α ∈ [0, 1]} be a family of subsets of a universal set U such that the following conditions are satisfied:
• Mα ⊆ Mβ for β < α;• ⋂∞
n=1 Mαn = Mα for αn ↑ α.
Negoita and Ralescu [12] proposed to define a fuzzy subset A˜ of U with membership function given by
ξA˜(x) = sup
α∈[0,1]
α · χMα (x), (1)
and show that A˜α = Mα for all α ∈ [0, 1]. Since the 0-level set A˜0 was considered as the whole universal set U by Negoita
and Ralescu [12], it implicitly says thatM0 = U.
Given a function κ : [0, 1] → [0, 1], Ralescu [14] proposed to define the membership function given by
ξA˜(x) = sup
α∈[0,1]
κ(α) · χMα (x),
which generalizes the definition given in (1). Suppose that the following conditions are satisfied:
• Mα ⊆ Mβ for κ(β) < κ(α);• ⋂∞
n=1 Mαn = Mα for κ(αn) ↑ κ(α).
Ralescu [14, Theorem 2] showed that A˜κ(α) = Mα for α ∈ [0, 1]. If there exists α0 ∈ [0, 1] such that κ(α0) = 0, then
Mα0 = U was also implicitly assumed by Ralescu [14, Theorem 2]. Since the appropriate way is to define the 0-level set A˜0
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as presented in (3) below, in this paper, we shall study the representation theorem based on (3). In this case, we can just
consider the familyM = {Mα : α ∈ (0, 1]} in which M0 is not taken into account. The representation of fuzzy sets and
their related properties based on partially ordered sets were also studied by Šešelja, Stojic´ and Tepavcˇevic´ [19–25] in which
the 0-level set was not defined in theway of (3) given below.More concern on the concept of 0-level set defined in (3) below
can also refer to Wu [26,27].
Since the membership function of each fuzzy subset of U can be expressed as the form in terms of α-level sets, i.e.,
the representation theorem appeared in Negoita and Ralescu [12], Herencia [6] proposed the notion of graded sets which
assigned each α ∈ [0, 1] to a subset of U for the purpose of mimicing the α-level sets in order to generalize the concept
of fuzzy sets. The main result Herencia [6, Theorem 4.3] presented the relationship between fuzzy sets and graded sets,
where the 0-level set was also implicitly assumed as the whole universal set U. The main focus of this paper is to treat the
0-level set according to the topology forU, where the 0-level set is not necessarily thewhole universal setU. Nested families
are frequently considered in possibility and random set theories (see, for instance Alvarez [1], Baudrit et al. [3], Dubois et
al. [5] and Miranda et al. [9–11]). For example, the concept of consonance is based on nested family. The consonant basic
belief assignment or mass function based on nested family of focal sets was adopted by Aregui and Denoeux [2], Lawry and
González-Rodríguez [8] and Quost et al. [13]. We also mention that the existence and uniqueness for the construction of
fuzzy sets were also investigated by Miranda et al. [9–11] in relation with random set theory. However, the universal set
(U, d) taken byMiranda et al. was assumed to be a metric space that is also endowed with a topology induced by the metric
d. For example, in Miranda et al. [11, Theorem 5.3], the random set was assumed to be compact-valued (in this case, the
universal set U was assumed to be Polish) or closed-valued (in this case, the universal set U was assumed to be compact).
In other words, each set Mα should be assumed to be closed in a σ -compact space or compact in a Polish space. In this
paper, eachMα is assumed to be any subset of U without considering topological structure. The topological structure of the
universal set U is only used to define the 0-level set of a fuzzy subset of U. Of course, if we also assume to define the 0-level
set as the whole universal set U, then the universal set U does not need to be endowed with a topology, and the proofs of
this paper can be simplified to obtain the similar results.
Let S be a subset of [0, 1]. The subfamilyMS ofM is defined byMS = {Mα : α ∈ S}. Let A˜ be a fuzzy subset of U.
We define the family AS = {A˜α : α ∈ S}. Jaballah and Saidi [7,15–18] have studied the problem, which says whether we
can construct a fuzzy subset A˜ of U satisfying R(ξA˜) = S andMS = AS , where R(ξA˜) denotes the rage of ξA˜. However,
the 0-level set was also defined as the whole universal set U in Jaballah and Saidi [7,15–18]. As we mentioned above, the
0-level set will not be considered as the whole universal set in this paper, the set M0 will not be assumed in the family
M = {Mα : α ∈ (0, 1]}. Therefore, we shall consider the subset S of (0, 1] in this paper, and try to construct a fuzzy
subset A˜ of U such that R(ξA˜) \ {0} = S. On the other hand, whether the supremum α∗ = sup S belongs to S or not is an
important issue. We are going to construct a fuzzy subset A˜ of U such thatR(ξA˜) \ {0} = S ∪ {α∗}, which was not discussed
in Jaballah and Saidi [7,15–18]. The existence of construction was obtained in Jaballah and Saidi [7, Theorem 1], which was
not related the representation theorem as shown in Ralescu [14, Theorem 2]. In this paper, we shall derive the generalized
representation theorem for the purpose of guaranteeing the existence of construction. This is a different methodology for
constructing fuzzy sets proposed by Jaballah and Saidi [7].
In Section 2, we present some properties that will be used for the further discussion. In Section 3, the concept of identical
families will be introduced in order to guarantee the uniqueness of construction. In Section 4, we shall derive amore general
representation theorem that will be used to construct a fuzzy subset of U. The existence and uniqueness will be studied in
Section 5. Finally, we summarize the results in Section 6.
2. Nested families
Let A˜ be a fuzzy subset of a universal set U with membership function ξA˜. The range of ξA˜ is denoted by R(ξA˜). For
α ∈ (0, 1], the α-level set A˜α of A˜ is defined by
A˜α =
{
x : ξA˜(x) ≥ α
}
.
We need to remark that even if α 
∈ R(ξA˜), we still can consider the α-level set A˜α . The support of a fuzzy set A˜ within a
universal set U is the crisp set defined by
A˜0+ = {x ∈ U : ξA˜(x) > 0} =
⋃
α∈(0,1]
A˜α.
Wesee that if 0 
∈ R(ξA˜), then A˜0+ = U is thewhole space. IfU is endowedwitha topology τ , i.e., (U, τ ) is a topological space,
then the 0-level set A˜0 of A˜ is defined as A˜0 = cl(A˜0+). In general, we see thatR(ξA˜) 
= (0, 1]. However, we still can show
A˜0+ =
⋃
α∈(0,1]
A˜α =
⋃
{α∈R(ξ
A˜
):α>0}
A˜α (2)
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and
A˜0 = cl
⎛⎝ ⋃
α∈(0,1]
A˜α
⎞⎠ = cl
⎛⎜⎝ ⋃
{α∈R(ξ
A˜
):α>0}
A˜α
⎞⎟⎠ . (3)
Now, for α ∈ [0, 1), we define
A˜α+ =
⋃
β∈(α,1]
A˜β. (4)
Let S be a subset of (0, 1]. Given any two fuzzy subsets A˜ and B˜ of a universal set U, we consider the following families
AS =
{
A˜α : α ∈ S
}
and BS =
{
B˜α : α ∈ S
}
.
We say that A˜ and B˜ are permutablely identical on S if and only if there exists a bijective function κ on S such that A˜α = B˜κ(α)
or B˜α = A˜κ(α) for all α ∈ S. In this case, we also say that A˜ and B˜ are permutablely identical on S with respect to κ . The
following proposition will be useful for further discussion.
Proposition 2.1. Let S be a subset of (0, 1] and let α∗ = sup S. Let A˜ and B˜ be two fuzzy subsets of a universal set U such that
R(ξA˜) \ {0} = R(ξB˜) \ {0} = S or S ∪ {α∗}.
Suppose that A˜ and B˜ are permutablely identical with respect to a bijective function κ on S in the sense of B˜α = A˜κ(α) for all
α ∈ S. Then κ is strictly increasing and we have the following properties.
(i) Suppose that R(ξA˜) \ {0} = R(ξB˜) \ {0} = S. Then A˜0+ = B˜0+ such that ξA˜(x) = κ(ξB˜(x)) for all x ∈ A˜0+, and
ξA˜(x) = ξB˜(x) = 0 for x 
∈ A˜0+.
(ii) Suppose thatα∗ 
∈ S andR(ξA˜)\{0} = R(ξB˜)\{0} = S∪{α∗}. Then A˜0+ = B˜0+ and A˜α∗ = B˜α∗ such that the following
properties are satisfied:
• If x 
∈ A˜0+, then ξA˜(x) = ξB˜(x) = 0;• If x ∈ A˜α∗ , then ξA˜(x) = α∗ = ξB˜(x);• If x ∈ A˜0+ and x 
∈ A˜α∗ , then ξA˜(x) = κ(ξB˜(x)).
Let S be a subset of (0, 1], and letM = {Mα : α ∈ (0, 1]} be a family of nonempty subsets of a universal set U. We
consider the subfamilyMS = {Mα : α ∈ S} ofM.
• We say thatMS is a nested family if and only ifMα ⊆ Mβ for α, β ∈ S with β < α.• We say thatMS is a strictly nested family if and only ifMα ⊂ Mβ withMα 
= Mβ for α, β ∈ S with β < α.
For any α ∈ (0, 1), we write
M(S)α =
⋃
{β∈S:β≥α}
Mβ andM
(S)
α+ =
⋃
{β∈S:β>α}
Mβ.
We also write
M(S) = ⋃
α∈S
Mα.
Let S be a subset of (0, 1], and let η be a bijective function on S. We say thatMS is a nested family with respect to η if and
only ifMη(α) ⊆ Mη(β) for α, β ∈ S with η(β) < η(α). In other words, the sets in the original familyMS can be rearranged
according to the inclusion such that the new family turns into a nested family. We also see that ifMS is a nested family, then
it is also a nested family with respect to the identity function on S.
Suppose thatMS is a nested family with respect to η. We write η(α) = α◦ for α ∈ S. ThenMS = {Mα◦ : α ∈ S} is a
nested family in the sense of Mα◦ ⊆ Mβ◦ for α, β ∈ S with β◦ < α◦. For convenience, we also rename the elements of{Mα◦ : α ∈ S} to form a new family
M(η)S =
{
Mη(α) : α ∈ S} ≡ {M(η)α : α ∈ S}
such that it is a nested family in the sense of M
(η)
α ⊆ M(η)β for α, β ∈ S with β < α. In other words,MS is a nested family
with respect to η if and only ifM(η)S is a nested family. Of course, we haveM
(η)
α = Mη−1(α) for α ∈ S andMS = M(η)S . We
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also see that
M(S) = ⋃
α∈S
Mα =
⋃
α∈S
M(η)α ≡ M(η,S).
For any α ∈ (0, 1), we write
M(η,S)α =
⋃
{β∈S:β≥α}
M
(η)
β andM
(η,S)
α+ =
⋃
{β∈S:β>α}
M
(η)
β .
LetM = {Mα : α ∈ (0, 1]} and N = {Nα : α ∈ (0, 1]} be two nested families of subsets of a universal set U. We say
thatMS and NS are permutablely identical with respect to κ if and only if there exists a bijective function κ on S such that
Mα = Nκ(α) for all α ∈ S. In general, we propose the following definition.
Definition 2.1. Given a subset S of (0, 1], we consider the subfamiliesMS = {Mα : α ∈ S} and NS = {Nα : α ∈ S}. Let ηM
and ηN be two bijective functions on S such thatMS and NS are nested family with respect to ηM and ηN , respectively.
• We say thatMS andNS areweakly permutablely identical with respect to (ηM, ηN, κ) if and only if there exists a bijective
function κ on S such thatM
(ηM)
α = N(ηN)κ(α) for all α ∈ S. In this case, we also writeMS wp= NS w.r.t. (ηM, ηN, κ).
• We say that MS and NS are weakly permutablely identical if and only if MS wp= NS w.r.t. (ηM, ηN) for some bijective
functions ηM and ηN (i.e., the function κ is an identity function). In this case, we also simply writeMS
wp= NS .
IfMS or NS happens to be a nested family, then we can take ηM or ηN as the identity function iM or iN , respectively.
Suppose thatMS happens to be a nested family. We say thatMS and NS are weakly permutablely identical with respect
to ηN instead of saying thatMS and NS are weakly permutablely identical with respect to (iM, ηN). If NS happens to be a
nested family, then we can consider an analogous concept.
The following proposition is very useful for investigating the uniqueness for construction of fuzzy subsets.
Proposition 2.2. LetM = {Mα : α ∈ (0, 1]} andN = {Nα : α ∈ (0, 1]} be two families of subsets of a universal set U. Given
a subset S of (0, 1], we consider the subfamiliesMS = {Mα : α ∈ S} and NS = {Nα : α ∈ S}. Let ηM and ηN be two bijective
functions on S. Then we have the following properties.
(i) Suppose that NS is a strictly nested families with respect to ηN andMS is a nested family with respect to ηM. IfMS
wp= NS
w.r.t. (ηM, ηN, κ), then κ is an increasing function.
(ii) Suppose that NS is a nested family with respect to ηN andMS is a strictly nested families with respect to ηM. IfMS
wp= NS
w.r.t. (ηM, ηN, κ), then κ is an increasing function.
(iii) Suppose thatMS andNS are strictly nested families with respect toηM andηN, respectively. IfMS
wp= NS w.r.t. (ηM, ηN, κ),
then κ is a strictly increasing function.
3. Construction of fuzzy sets
As we mentioned above, the representation theorem presented in Ralescu [14, Theorem 2] implicitly assumedM0 = U.
Now, we can obtain the representation theorem as shown below, which does not need to assumeM0 = U. In other words,
we shall not considerM0 in the familyM = {Mα : α ∈ (0, 1]}.
Theorem 3.1 (Representation theorem). Given a function κ : (0, 1] → (0, 1], let {Mα : α ∈ (0, 1]} be a family of nonempty
subsets of a universal set U such that the following conditions are satisfied:
• Mα ⊆ Mβ for κ(β) < κ(α);• ⋂∞
n=1 Mαn ⊆ Mα when κ(αn) ↑ κ(α).
Then there exists a fuzzy subset A˜ of U with membership function defined by
ξA˜(x) = sup
α∈(0,1]
κ(α) · χMα (x) (5)
such that A˜κ(α) = Mα for α ∈ (0, 1]. Moreover, we have
A˜0+ =
⋃
α∈(0,1]
A˜α =
⋃
α∈(0,1]
A˜κ(α) =
⋃
α∈(0,1]
Mα.
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If U is endowed with a topology τ , then the 0-level set A˜0 of A˜ is given by
A˜0 = cl(A˜0+) = cl
⎛⎝ ⋃
α∈(0,1]
A˜α
⎞⎠ = cl
⎛⎝ ⋃
α∈(0,1]
Mα
⎞⎠ . (6)
Proof. The results can be obtained by slightly modifying the proof of Ralescu [14, Theorem 2]. 
We remark that the 0-level set A˜0 shown in (6) is not necessarily thewhole universal setU. In the sequel, we shall present
a more general form of representation theorem.
Given two functions κ, ζ : S → (0, 1], we define the function (x) : U → [0, 1] by
(x) = sup
α∈S
κ(α) · χMζ(α) (x). (7)
Let
M(ζ,S) = ⋃
α∈S
Mζ(α).
Then we have
(x) =
⎧⎪⎨⎪⎩
sup
α∈S
κ(α) · χMζ(α) (x) > 0, if x ∈ M(ζ,S)
0, otherwise.
(8)
Let A
(ζ,κ,S)
0+ = {x ∈ U : (x) > 0} and A(ζ,κ,S)α = {x ∈ U : (x) ≥ α} for α ∈ (0, 1]. From (2), we can show that
M(ζ,S) = A(ζ,κ,S)0+ =
⋃
α∈(0,1]
A(ζ,κ,S)α =
⋃
{α∈R():α>0}
A(ζ,κ,S)α . (9)
Using the routine argument, we can obtain the following general form of representation theorem.
Theorem 3.2 (Generalized representation theorem). Let S be a subset of (0, 1], where [0, 1] is endowed with a usual topology,
and let sup S = α∗. Let κ be a function from S into (0, 1], and let η be a bijective function on S. LetM = {Mα : α ∈ (0, 1]} be
a family of nonempty subsets of a universal set U such that the following conditions are satisfied:
• M(η)α ⊆ M(η)β for κ(β) < κ(α) with α, β ∈ S;
• ⋂∞
n=1 M
(η)
αn ⊆ M(η)α when κ(αn) ↑ κ(α) with α, αn ∈ S for all n.
Then there exists a fuzzy subset A˜. of U with membership function defined by
ξA˜.(x) = sup
α∈S
κ(α) · χ
M
(η)
α
(x) (10)
such that A.S
wp= MS w.r.t. (η, κ) in the sense of A˜.κ(α) = M(η)α for each α ∈ S. Moreover, we have
A˜.0+ =
⋃
α∈(0,1]
A˜.α =
⋃
α∈S
A˜.κ(α) =
⋃
α∈S
M(η)α =
⋃
α∈S
Mη−1(α).
If U is endowed with a topology τ , then we have
A˜.0 = cl(A˜.0+) = cl
⎛⎝ ⋃
α∈(0,1]
A˜.α
⎞⎠ = cl
⎛⎝⋃
α∈S
A˜.κ(α)
⎞⎠ = cl
⎛⎝⋃
α∈S
M(η)α
⎞⎠ = cl
⎛⎝⋃
α∈S
Mη−1(α)
⎞⎠ .
On the other hand, the range of A˜. satisfies the following properties.
(a) We have 0 ∈ R(A˜.) ⊆ cl(R(κ)) ∪ {0}
(b) Suppose that the function κ is increasing and
M(η)α
∖ ⋃
{β∈S:β>α}
M
(η)
β 
= ∅ (11)
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for all α ∈ S with α < α∗. Then we have
R(κ) ∪ {0} ⊆ R(A˜.) ⊆ cl(R(κ)) ∪ {0} ⊆ cl(R(κ) ∪ {0}).
IfR(κ) ∪ {0} is a closed subset of [0, 1], thenR(A˜.) = R(κ) ∪ {0}.
(c) Suppose that
M(η)α
∖ ⋃
{β∈S:κ(β)>κ(α)}
M
(η)
β 
= ∅ (12)
for all α ∈ S. Then we have
R(κ) ∪ {0} ⊆ R(A˜.) ⊆ cl(R(κ)) ∪ {0} ⊆ cl(R(κ) ∪ {0}).
IfR(κ) ∪ {0} is a closed subset of [0, 1], thenR(A˜.) = R(κ) ∪ {0}.
(d) In particular, if κ is a surjective function on S, and any one of the following conditions is satisfied:
• Suppose that the function κ is increasing and (11) is satisfied for all α ∈ S with α < α∗;
• Suppose that (12) is satisfied for all α ∈ S.
Then we have
S ∪ {0} ⊆ R(A˜.) ⊆ cl(S) ∪ {0} ⊆ cl(S ∪ {0}).
If S ∪ {0} is a closed subset of [0, 1], thenR(A˜.) = S ∪ {0}.
4. Existence and uniqueness
Let S be a subset of (0, 1] and let α∗ = sup S. Let T be any one of the forms S or S ∪ {α∗}. LetM = {Mα : α ∈ (0, 1]} be
a family of subsets of a universal set U, and let A˜ be a fuzzy subset of U. Based on the following families
MS = {Mα : α ∈ S} and AS =
{
A˜α : α ∈ S
}
,
we consider the family of fuzzy subsets of U given by
F (T,MS) =
{
A˜ ∈ F(U) : R(ξA˜) \ {0} = T and AS wp= MS
}
SinceAS is a nested family,AS
wp= MS means thatAS wp= MS w.r.t. (η, κ) for some bijective functions η and κ on S such that
A˜κ(α) = M(η)α for all α ∈ S. If we further assume thatMS is a nested family with respect to η, then we consider the families
of fuzzy subsets of U given by
F (η, T,MS) =
{
A˜ ∈ F(U) : R(ξA˜) \ {0} = T and AS wp= MS with resect to (η, κ)
for some bijective function κ on S} .
The difference betweenF(T,MS) andF(η, T,MS)will be understood below. Given any A˜, B˜ ∈ F(T,MS), i.e.,AS wp= MS
and BS
wp= MS , we have that A˜κA(α) = M(ηA)α and B˜κB(α) = M(ηB)α for some bijective functions ηA, ηB, κA, κB on S. However,
given any A˜, B˜ ∈ F(η, T,MS), we have that A˜κA(α) = M(η)α and B˜κB(α) = M(η)α for some bijective functions κA, κB on S. It
means that we emphasize one fixed bijective function η.
Definition 4.1. Let S be a subset of (0, 1] and let κ : S → S be a function from S into itself. Given A˜∗ ∈ F(U) with
R(ξA˜∗) \ {0} = S, we define ξA˜ : U → [0, 1] by
ξA˜(x) =
⎧⎨⎩ κ(ξA˜∗(x)) if x ∈ A˜
∗
0+
0 = ξA˜∗(x) if x 
∈ A˜∗0+.
In this case, we write ξA˜  κ ◦ ξA˜∗ .
Definition 4.2. Let S be a subset of (0, 1] and let κ : S → S be a function from S into itself. Let sup S = α∗ and assume
α∗ 
∈ S. Given A˜∗ ∈ F(U) withR(ξA˜∗) \ {0} = S ∪ {α∗}, we define ξA˜ : U → [0, 1] by
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ξA˜(x) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 if x 
∈ A˜∗0+
α∗ if x ∈ A˜∗α∗
κ(ξA˜∗(x)) if x ∈ A˜∗0+ and x 
∈ A˜∗α∗ .
In this case, we write ξA˜  κ ◦ ξA˜∗ .
The following proposition will show that Definitions 4.1 and 4.2 are well-defined, and will also present some useful
results that can be adopted in the further study.
Proposition 4.1. Let S be a subset of (0, 1] and let κ : S → S be a function from S into itself. Then, we have the following
properties.
(i) Given A˜∗ ∈ F(U) withR(ξA˜∗) \ {0} = S, if ξA˜  κ ◦ ξA˜∗ , then A˜0+ = A˜∗0+.
(ii) Let sup S = α∗ and assume α∗ 
∈ S. Given A˜∗ ∈ F(U) with R(ξA˜∗) \ {0} = S ∪ {α∗}, if ξA˜  κ ◦ ξA˜∗ , then A˜0+ = A˜∗0+
and A˜α∗ = A˜∗α∗ . Moreover, if x ∈ A˜α∗ , then ξA˜(x) = α∗ = ξA˜∗(x).
Proposition 4.2. Let S be a subset of [0, 1] and let sup S = α∗. Let {Mα : α ∈ (0, 1]} be a family of nonempty subsets of a
universal set U. We have the following results.
(i) Suppose that F(wp)(S,MS) 
= ∅ and A˜∗ ∈ F(wp)(S,MS). Then we have
F(wp) (S,MS) =
{
A˜ ∈ F(U) : ξA˜  κ ◦ ξA˜∗ for κ ∈ O(S)
}
(13)
and ∣∣∣F(wp)(S,MS)∣∣∣ = |O(S)| . (14)
(ii) Suppose that α∗ 
∈ S with F(wp)(S ∪ {α∗},MS) 
= ∅ and B˜∗ ∈ F(wp)(S ∪ {α∗},MS). Then we have
F(wp) (S ∪ {α∗},MS) = {A˜ ∈ F(U) : ξA˜  κ ◦ ξB˜∗ for κ ∈ O(S)} (15)
and ∣∣∣F(wp)(S ∪ {α∗},MS)∣∣∣ = |O(S)| . (16)
Proof. To prove part (i), since A˜∗ ∈ F(wp)(S,MS), we have A∗S wp= MS w.r.t. (η∗, κ∗) for some bijective functions η∗ and κ∗
on S such that
A˜∗κ∗(α) = M(η∗)α = Mη−1∗ (α), i.e., A˜∗α = Mη−1∗ (κ−1∗ (α)) (17)
for all α ∈ S. Given any A˜ ∈ F(wp)(S,MS), we also have AS wp= MS w.r.t. (ηA, κA) for some bijective functions ηA and κA on
S such that
A˜κA(α) = M(ηA)α = Mη−1A (α) (18)
for all α ∈ S. We take
β = κA(ηA(η−1∗ (κ−1∗ (α)))) = (κA ◦ ηA ◦ η−1∗ ◦ κ−1∗ )(α) ≡ κ(α).
Then κ is bijective on S and, by (17) and (18),
A˜κ(α) = A˜β = A˜κA(κ−1A (β)) = Mη−1A (κ−1A (β)) = Mη−1∗ (κ−1∗ (α)) = A˜
∗
α (19)
for all α ∈ S, which also says that the function κ is increasing by Proposition 2.2. This shows that κ ∈ O(S). From part (i) of
Proposition 2.1, we have ξA˜(x) = κ(ξA˜∗(x)) for all x ∈ A˜0+ = A˜∗0+, and ξA˜(x) = ξA˜∗(x) = 0 for x 
∈ A˜0+ = A˜∗0+. This shows
that ξA˜  κ ◦ ξA˜∗ , which implies the following inclusion
F(wp) (S,MS) ⊆
{
A˜ ∈ F(U) : ξA˜  κ ◦ ξA˜∗ for κ ∈ O(S)
}
.
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On the other hand, given any κ ∈ O(S) with ξA˜  κ ◦ ξA˜∗ , we want to show that A˜ ∈ F(wp)(S,MS). We first need to
claimR(ξA˜) \ {0} = S. SinceR(ξA˜∗) \ {0} = S by definition, we have A˜0+ = A˜∗0+ by part (i) of Proposition 4.1.
• Given any α ∈ S, since κ is bijective on S, there exists α̂ ∈ S such that κ(α̂) = α. Therefore, there exists x ∈ A˜∗0+ = A˜0+
such that ξA˜∗(x) = α̂, sinceR(ξA˜∗) \ {0} = S, which says that
ξA˜(x) = κ
(
ξA˜∗(x)
)
= κ(α̂) = α
by the definition of ξA˜  κ ◦ ξA˜∗ , i.e., S ⊆ R(ξA˜) \ {0}.• Given any α ∈ R(ξA˜) \ {0}, there exists x ∈ A˜0+ = A˜∗0+ such that ξA˜(x) = α. Therefore, we have ξA˜∗(x) ∈ S, since
R(ξA˜∗) \ {0} = S, which says that
α = ξA˜(x) = κ
(
ξA˜∗(x)
)
∈ S
by the surjection of κ , i.e.,R(ξA˜) \ {0} ⊆ S.
Therefore, we indeed haveR(ξA˜) \ {0} = S. We remain to claim AS wp= MS . Now, given any α ∈ S, we have
A˜α =
{
x ∈ U : ξA˜(x) ≥ α
}
=
{
x ∈ A˜0+ : ξA˜(x) ≥ α
}
=
{
x ∈ A˜∗0+ : ξA˜(x) ≥ α
}
(since x ∈ A˜0+ = A˜∗0+)
=
{
x ∈ A˜∗0+ : κ
(
ξA˜∗(x)
)
≥ α
}
=
{
x ∈ A˜∗0+ : ξA˜∗(x) ≥ κ−1(α)
}
(since κ is increasing and bijective)
=
{
x ∈ U : ξA˜∗(x) ≥ κ−1(α)
}
= A˜∗κ−1(α).
Since κ is onto, we have κ−1(S) = S. Therefore, we obtain AS wp= A∗S w.r.t. κ in the sense of A˜∗α = A˜κ(α) for α ∈ S. Since
A˜∗ ∈ F(wp)(S,MS) by the assumption, i.e., A∗S wp= MS , we can obtain AS wp= MS by referring to the arguments for obtaining
(19). Therefore, we conclude that A˜ ∈ F(wp)(S,MS), which proves the equality (13).
To prove part (ii), since B˜∗ ∈ F(wp)(S ∪ {α∗},MS), we have R(ξB˜∗) \ {0} = S ∪ {α∗} and B∗S w= MS . Given any
A˜ ∈ F(wp)(S ∪ {α∗},MS), from the same argument for proving part (i), there exists κ ∈ O(S) such that A˜κ(α) = B˜∗α for all
α ∈ S by referring to (19). From part (ii) of Proposition 2.1, we have ξA˜  κ ◦ ξB˜∗ , which implies the following inclusion
F(wp) (S ∪ {α∗},MS) ⊆ {A˜ ∈ F(U) : ξA˜  κ ◦ ξB˜∗ for κ ∈ O(S)} .
On the other hand, given any κ ∈ O(S)with ξA˜  κ ◦ ξB˜∗ , we want to show that A˜ ∈ F(wp)(S ∪ {α∗},MS). We first need to
claim R(ξA˜) \ {0} = S ∪ {α∗}. Since R(ξA˜∗) \ {0} = S ∪ {α∗} by definition, we have A˜0+ = A˜∗0+ and A˜α∗ = A˜∗α∗ such that
ξA˜(x) = α∗ = ξA˜∗(x) for x ∈ A˜α∗ by part (ii) of Proposition 4.1.
• Given any α ∈ S, according the above same arguments, we can show that α ∈ R(ξA˜) \ {0}. Since ξA˜(x) = α∗ = ξA˜∗(x)
for x ∈ A˜α∗ = A˜∗α∗ , it says that α∗ ∈ R(ξA˜) \ {0}. Therefore, we obtain S ∪ {α∗} ⊆ R(ξA˜) \ {0}.• Given any α ∈ R(ξA˜) \ {0} with α 
= α∗, according the above same arguments, we can show that α ∈ S. Since
α∗ ∈ R(ξA˜) \ {0}, we obtainR(ξA˜) \ {0} ⊆ S ∪ {α∗}.
Therefore, we indeed have R(ξA˜) \ {0} = S ∪ {α∗}. From the argument for proving part (i), we can similarly show that
AS
wp= MS . Therefore, we conclude that A˜ ∈ F(wp)(S ∪ {α∗},MS), which proves the desired equality (15). This completes
the proof. 
Proposition 4.3. Let S be a subset of (0, 1] and let sup S = α∗. Let {Mα : α ∈ (0, 1]} be a family of nonempty subsets of a
universal set U, and let T be any one of the forms S or S ∪ {α∗}. Suppose that O(S) = {iS}. Then we have the following results.
(i) If F(wp)(T,MS) 
= ∅, then there is one and only one fuzzy subset A˜∗ of U satisfying R(ξA˜∗) \ {0} = T and A∗S wp= MS
w.r.t. (η, κ) for some bijective functions η and κ on S such that
A˜∗κ(α) = M(η)α = Mη−1(α) (20)
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for all α ∈ S and
A˜∗0+ =
⋃
α∈(0,1]
A˜∗α =
⋃
α∈R(ξ
A˜∗ )\{0}
A˜∗α =
⋃
α∈T
A˜∗α
= ⋃
α∈S
A˜∗α =
⋃
α∈S
Mη−1(κ−1(α)) =
⋃
α∈S
Mη−1(α) =
⋃
α∈S
Mα = M(S). (21)
In other words, we have F(wp)(T,MS) = {A˜∗}.
(ii) Assume thatMS is a nested family with respect to a bijective function η on S. If F(wp)(η, T,MS) 
= ∅, then there is one
and only one fuzzy subset A˜∗ of U satisfyingR(ξA˜) \ {0} = T and A˜∗ wp= MS w.r.t. (η, κ) for some bijective function κ on
S such that (20) and (21) are satisfied. In other words, we have F(wp)(η, T,MS) = {A˜∗}.
Proof. To prove part (i), since F(wp)(T,MS) 
= ∅, let A˜∗ ∈ F(wp)(T,MS). Since O(S) = {iS}, from (13) of Proposition 4.2,
we haveF(wp)(T,MS) = {A˜∗} satisfyingR(ξA˜∗)\{0} = T andA∗S wp= MS with respect to (η, κ) for some bijective functions
η and κ on S such that (20) is satisfied for all α ∈ S. On the other hand, since A˜α∗ ⊆ A˜α for all α ∈ S with α < α∗, we have⋃
α∈T
A˜∗α =
⋃
α∈S
A˜∗α.
Therefore, the equalities in (21) follows from (2). Part (ii) can be similarly obtained, and the proof is compete. 
Theorem 4.1. Let S be a subset of (0, 1] and let sup S = α∗. Let κ be an increasing and bijective function on S, and let η be a
bijective function on S. LetM = {Mα : α ∈ (0, 1]} be a family of nonempty subsets of a universal set U such that the following
conditions are satisfied:
• The unit interval [0, 1] is endowed with a usual topology such that S ∪ {0} is a closed subset of [0, 1];
• M(η)α ⊆ M(η)β for κ(β) < κ(α) with α, β ∈ S;
• ⋂∞
n=1 M
(η)
αn ⊆ M(η)α when κ(αn) ↑ κ(α) with α, αn ∈ S for all n.
• M(η)α \ M(η,S)α+ 
= ∅ for all α ∈ S with α < α∗.
(i) (Existence). Given any A˜∗ ∈ F(wp)(η, S,MS), we have
F(wp) (η, S,MS) =
{
A˜ ∈ F(U) : ξA˜  ζ ◦ ξA˜∗ for ζ ∈ O(S)
}
. (22)
and ∣∣∣F(wp)(η, S,MS)∣∣∣ = |O(S)| . (23)
(ii) (Uniqueness). If O(S) = {iS}, then we have
F(wp)(η, S,MS) =
{
A˜∗
}
,
where the membership function of A˜∗ is given by
ξA˜∗(x) = sup
α∈S
κ(α) · χ
M
(η)
α
(x).
In other words, there is a unique fuzzy subset A˜∗ of U satisfyingR(ξA˜∗) = S ∪ {0} and A˜∗ wp= MS w.r.t. (η, κ) in the sense
of
A˜∗κ(α) = M(η)α = Mη−1(α)
for all α ∈ S and
A˜∗0+ =
⋃
α∈(0,1]
A˜∗α =
⋃
α∈R(ξ
A˜∗ )\{0}
A˜∗α
= ⋃
α∈S
A˜∗α =
⋃
α∈S
Mη−1(κ−1(α)) =
⋃
α∈S
Mα = M(S).
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Proof. We define the membership function of A˜∗ as given in Theorem 3.2. Then we see that A˜∗ ∈ F(wp)(η, S,MS) such
that A˜∗ wp= MS w.r.t. (η, κ) in the sense of A˜∗κ(α) = M(η)α for all α ∈ S. From property (d) of Theorem 3.2, we also have
R(ξA˜∗) = S ∪ {0}. Therefore, the equalities (22) and (23) follow from part (i) of Proposition 4.2. Finally, the uniqueness
follows from parts (i) and (ii) of Proposition 4.3, and the proof is complete. 
5. Conclusion
In this paper, we have generalized the representation theorem obtained by Ralescu [14] in a different way as shown in
Theorem 3.2, where the 0-level set is not necessarily the whole universal set U. This generalized representation theorem
can be used to construct a fuzzy subset of a universal set U such that some desired properties can be satisfied. The existence
of construction is guaranteed as shown in part (i) of Theorem 4.1.
Let S be a subset of (0, 1] andM = {Mα : α ∈ (0, 1]} be a family of nonempty subsets of a universal set U. Let κ be
an increasing and bijective function from S onto S, and let η be a bijective function on S. Suppose that the conditions of
Theorem 4.1 are satisfied. Then we can construct a fuzzy subset A˜∗ of U with membership function defined by
ξA˜∗(x) = sup
α∈S
κ(α) · χMη−1(α) (x)
such that
R(ξA˜∗) = S ∪ {0} and A˜∗κ(α) = Mη−1(α) for all α ∈ S.
Moreover, the 0-level set of A˜∗ is given by
A˜0 = cl
(
A˜∗0+
)
= cl
⎛⎝ ⋃
α∈(0,1]
A˜∗α
⎞⎠ = cl
⎛⎜⎝ ⋃
α∈R(ξ
A˜∗ )\{0}
A˜∗α
⎞⎟⎠
= cl
⎛⎝⋃
α∈S
A˜∗α
⎞⎠ = cl
⎛⎝⋃
α∈S
Mα
⎞⎠ ,
which is not necessarily the whole universal set U. If O(S) = {iS} is realized, then the fuzzy subset A˜∗ of U constructed in
the above way is the unique one satisfying the above properties.
Let S◦ be a subset of [0, 1]. The sufficient conditions to guarantee O(S◦) = {iS◦ } have been studied by Jaballah and Saidi
[7]. Now, we are going to claim that the sufficient conditions obtained by Jaballah and Saidi [7] are still valid to guarantee
O(S) = {iS} when considering S as a subset of (0, 1].
Let S◦ be a subset of [0, 1] and let sup S◦ = α∗. We see that
O(S◦) = {κ◦ : κ◦ is a bijective and increasing function from S◦ onto S◦} .
If 0 ∈ S◦ then κ◦(0) = 0, and if α∗ ∈ S◦, then κ◦(α∗) = α∗. Let S = S◦ \ {0}. Of course, if 0 
∈ S◦, then S = S◦. We also
see that sup S◦ = sup S = α∗. We denote by κ◦|S : S → S the restriction of κ◦ on S that is defined by κ◦|S(α) = κ◦(α)
for all α ∈ S. Let κ : S → S be a bijective and increasing function on S. We define the extension κ̂ : S◦ → S◦ of κ on S◦ by
κ̂(α) = κ(α) for all α ∈ S and κ̂(0) = 0 when 0 ∈ S◦. Since we consider the bijective and increasing functions, there is a
one to one correspondence between the functions κ and κ◦, where κ and κ◦ are bijective and increasing functions on S and
S◦, respectively. Therefore, we obtain∣∣O(S◦)∣∣ = |O(S)| . (24)
Moreover, we have
O(S) = {κ◦|T : κ◦ ∈ O(S◦)} and O(S◦) = {κ̂ : κ ∈ O(S)} .
Suppose that S is a subset of (0, 1]. Then S is also a subset of [0, 1]. We have the following conclusions.
• If S satisfies the sufficient condition obtained by Jaballah and Saidi [7] to guarantee O(S) = {iS}, then we are done.• If S does not satisfy the sufficient condition obtained by Jaballah and Saidi [7], thenwe can considerwhether S◦ = S∪{0}
satisfies the sufficient condition obtained by Jaballah and Saidi [7] to guarantee O(S◦) = {iS◦ } or not. If this is true, i.e.,|O(S◦)| = 1, then we also have |O(S)| = 1 by (24). Since iS ∈ O(S), we must have O(S) = {iS}.
The subset S◦ of [0, 1] satisfying O(S◦) = {iS◦ } was also studied by Droste and Truss [4]. In the future research, we may
directly study the subset S of (0, 1] satisfying O(S) = {iS}.
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